Abstract. In this paper, we define an F -Yang-Mills functional, and hence F -Yang-Mills fields. The first and the second variational formulas are calculated, and the stabilities of F -Yang-Mills fields on some submanifolds of the Euclidean spaces and the spheres are investigated, and hence the theories of Yang-Mills fields are generalized in this paper.
Introduction
Let P (M, G) be a principal bundle over a compact Riemannian manifold M with structure group G (a Lie group), and let E = P × ρ V be a vector bundle associated with P (M, G), whose standard fibre is some vector space V , where ρ : G → GL(V ) is a representation of G. Denote the space of E-valued p-forms by Ω p (E) = Γ(∧ p T * M ⊗ E), and the space of connections of E by C E . Let g E = P × Ad G g be the adjoint vector bundle where g is the Lie algebra of G. It is known that, for any ∇, ∇ ∈ C E , we have ∇ − ∇ ∈ Ω 1 (g E ). For each ∇ ∈ C E , the curvature 2-form R ∇ ∈ Ω 2 (g E ) is defined by R
. If G is a semisimple Lie group, there is a natural invariant metric on g E which is defined by the Killing form, and this metric induces a one on Ω 2 (g E ). With respect to this induced metric, the Yang-Mills functional is defined as follows:
If a connection ∇ of E is a critical point of the Yang-Mills functional, we call it a Yang-Mills connection, the associated curvature tensor is called a Yang-Mills field. For a connection ∇, its variation is a family ∇ t of connections with |t| < ε (a small positive number) and ∇ 0 = ∇. If On S n ⊆ R n+1 , we can choose a local orthonormal field of frame of R n+1 , such that h n+1 ij = δ ij . Then the condition in Theorem 2 becomes as n > 4. Therefore, Theorem 2 is a generalization of Theorem 1. [3] investigated the stabilities of p-Yang-Mills fields of Euclidean and sphere submanifolds, and generalized the related results of [1] and [5] .
Remark 3. The condition (3) means that for any tensor
Let M n be a submanifold of R n+k or S n+k , and h(·, ·) the second fundamental form. Let 1 ≤ i, j ≤ n; n + 1 ≤ µ ≤ n + k. Choose a local orthonormal frame 
2
, where F is a non-negative function, we define an F -Yang-Mills functional, and hence F -Yang-Mills fields. These generalize theories of p-Yang-Mills fields. In this paper, we investigate the stabilities of F -Yang-Mills fields on submanifolds of the Euclidean space and the spheres, and our main results are in the following:
n be a submanifold of R n+k , which satisfies
where b < 0. Suppose that for t > 0, we have
Theorem 8. Let M n be a submanifold of S n+k , which satisfies
Suppose that for t > 0, we have
Theorem 7 generalizes Theorem 4 and Theorem 8 generalizes Theorem 5.
Remark 9.
(1) The condition (p − 2)F (t) ≥ 2tF (t) is equivalent to
is differential and non-increasing.
(2) For p ≥ 2, the following functions satisfy the condition 7:
is differential and non-increasing for p ≥ 2, and hence condition (7) is satisfied by such an F .
Variational formulas of F-Yang-Mills fields
which is called an F -Yang-Mills functional. The critical points of S F are called F -Yang-Mills connections, and the associated curvature tensors are called F -Yang-Mills fields.
where, the compound operation [· ∧ ·] is defined as follows:
∇ is the wedge covariant differentiation. By a straightforward calculation, we have
and let δ ∇ be the adjoint operator of d ∇ with respect to the inner product. The above equality becomes as
Hence the Euler-Lagrange equation of S
In order to discuss the stabilities of F -Yang-Mills fields, we need the second variational formula. A direct calculation yields
and
Hence we have
where
Taking derivatives of (10), we have
Letting t = 0, the above formula becomes as:
By (12), we have:
Therefore, we obtain
We use R to express the Riemannian curvature tensor of M , Ric for the Ricci operator. On M , we take a local orthonormal frame field {e i } i=1,··· ,n , and adopt the Einstein convention of summation. The range of the indices i, j, k, l, m is {1, . . . , n}. Let
Here,
, and X ∧ Y is defined as:
we have (see [1] )
Lemma 12. For an F-Yang-Mills field
Proof. By a straightforward calculation, we get
In (26), taking ϕ = R ∇ , and then substituting the result into (28), we get
Integrating (29) shows that it is sufficient to prove M F
Let {X a } be an orthonormal frame of g E , and
Then we have f 
Stabilities of F-Yang-Mills fields
Proof. Let X and V be two tangent vectors to M n , and let
Let {E A | A = 1, 2, . . . , n + k} be the canonical orthonormal base of R n+k , and
A e i as the tangent part of E A . Let the indices A, B, C run from 1 to n + k, the indices i, j from 1 to n, and the indice µ from n + 1 to n + k. Then we have
By (36) and (37), we have
from which, we have
According to (37) one has
Taking use of the Bianchi identity, we reach
from which we obtain Substituting (44) into (43), we have
Substituting (41) into (40), we have
Now, we calculate the third term at the right hand side of (38). By (39), we get 
from which we arrive at
Then we calculate the second term at the right hand side of (38). By a direct computation, we have
from which, we get
Inserting (45), (47) and (48) into (38) yields
Applying Lemma 12, we can get
Then use Lemma 13(i) and (44), and we obtain
the inequality (50) becomes as
In order to make I F (D A ) negative, we must assume that F and F have some relations. Because h
. In this case we have
then by the assumption of the theorem we have
which is a contradiction to the stability of R ∇ . Therefore we have R ∇ ≡ 0.
Remark 15. We have used the condition (5) in the above proof, which is a technical assumption. This condition covers many important cases, but don't covers the exponential Yang-Mills fields. We plan to discuss the exponential Yang-Mills fields elsewhere.
Corollary 16. Let M n be a hypersurface of R n+1 , the principal curvatures λ 1 , λ 2 , · · · , λ n of which satisfies the following condition:
from which we get 
Proof. The proof is similar to that of Theorem 14, but Lemma 13(ii) instead of (i) is used to calculate the curvature. By Lemma 13 (ii), we can get the first term of (48) as follows:
Note that in the second and the third terms of (48) 
